Let B + (2k) be the set of all bicyclic graphs on 2k(k ¿ 2) vertices with perfect matchings. In this paper, we discuss some properties of the connected graphs with perfect matchings, and then determine graphs with maximal index in B + (2k).
Introduction
We consider only ÿnite undirected graphs without loops or multiple edges in this paper. Let G be a graph with n vertices, and A(G) be the (0; 1)-adjacency matrix of G. Since A(G) is symmetric, its eigenvalues are real. These eigenvalues of A(G) are independent of the ordering of the vertices of G, and consequently, without loss of generality, we can write them in nonincreasing order as 1(G) ¿ 2(G) ¿ 3(G) ¿ · · · ¿ n(G) and call them the eigenvalues of G. The characteristic polynomial of G is just det( I − A(G)), and denoted by P(G; ). The largest eigenvalue 1(G) is called the index of G. If G is connected, then A(G) is irreducible and so it is well-known that 1(G) has multiplicity one and there exists a unique positive unit eigenvector corresponding to 1(G) by the Perron-Frobenius theory of non-negative matrices.
The investigation on the index of graphs, undoubtedly, is an important topic in the theory of graph spectra, and in which some early results can go back to the very beginnings(e.g., see [4] ). The Ref. [11] is a wonderful survey which includes a large number of references on this topic. The recent developments on this topic also involve the problem concerning graphs with maximal or minimal index of a given class of graphs. Let H(n; m) be the set of all connected graphs with n vertices and m-edges, n − 1 6 m 6 1 2 n(n − 1). Of course, the corresponding extremal index problems have the well-known results for m = n − 1, i.e., when the graphs in question are trees: the path Pn alone has the smallest index and the star K1;n−1 alone has the largest index among the trees on n vertices [4, 7, 14] . Accordingly, let m = n + t where t ¿ 0. The maximal index problem for H(n; n + t) has been solved by Brualdi et al. [2, 16, 17] for 0 6 t 6 2 and by Bell [1] for t of the form (
) − 1 (4 ¡ d ¡ n), and has an asymptotic result for arbitrary t ¿ 3 obtained by CvetkoviÃ c and Rowlinson [9] .
In this paper, we deal with the extremal index problems for another class of graphs, i.e., the connected graphs with perfect matchings. Graphs with perfect matchings always have an even number of vertices. Accordingly, we denoted by H + (2k; m) the set of all connected graphs on 2k vertices and m edges with perfect matchings. When m = 2k − 1, Fig. 1 . T * 2k and U * 2k .
i.e., the graphs in question are trees with perfect matchings, the path P 2k alone has the smallest index among graphs in H + (2k; 2k − 1). G.H.Xu obtained the following result.
Theorem 1.1 (Xu [18] ). Let T be a tree of order 2k with perfect matchings, then
and the equality holds if and only if T ∼ = T * 2k , where T * 2k is a tree obtained from the star K 1;k−1 by joining a new end-vertex to each vertex in K 1;k−1 (as shown in Fig. 1 ).
In other words, the graph T * 2k alone has the largest index among graphs in H + (2k; 2k − 1). Now let m = 2k + t where t ¿ 0. When t = 0, H + (2k; 2k) is the set of all unicyclic graphs with perfect matchings on 2k vertices. It is well-known that C 2k alone has smallest index among graphs in H + (2k; 2k). We have proved the following result. [3] ). Among the graphs in H + (2k; 2k), k ¿ 3, the graph U * 2k has the largest index, where U * 2k is the graph obtained from C3 by attaching a pendent edge and k − 2 paths of length 2 together to one of three vertices of C3 (as shown in Fig. 1 ).
Theorem 1.2 (Chang and Tian
When t = 1, we have the set H + (2k; 2k + 1), denoted by B + (2k) for short, which consists of all bicyclic graphs with perfect matchings on 2k vertices. The purpose of this paper is to ÿnd upper bounds for the index of graphs in B + (2k) by searching for the graphs with the maximal index in B + (2k).
Preliminaries
We denote by Kn and Pn the complete graph and the path, respectively, each on n vertices, and denote by rG the disjoint union of r copies of the graph G. If a graph G has components G1; G2; : : : ; Gt, then G is denoted by
Lemma 2.1 (CvetkoviÃ c et al., [7] ). If G1; G2; : : : ; Gt are the components of a graph G, we have
Recall that the index of G is just the largest root of the equation P(G; ) = 0. Hence, P(G; ) ¿ 0 for all ¿ 1(G). Accordingly, we have an immediate consequence as the following. Lemma 2.2 (Hou and Li, [6] ). Let G1 and G2 be two graphs. If P(G2; ) ¿ P(G1; ) for ¿ 1(G2), then 1(G1) ¿ 1(G2).
Let G = (V (G); E(G)) be a graph with vertex set V (G) and the edge set E(G). A subgraph of G is a graph G = (V (G ); E(G )) such that V (G ) ⊆ V (G) and E(G ) ⊆ E(G), and denoted by G ⊆ G. If G = G, then G is called proper subgraph of G, and is denoted by G ⊂ G; If V (G ) = V (G), then G is a spanning subgraph of G. It is well-known that if G is a proper spanning subgraph of a connected graph G, then 1(G) ¿ 1(G ). Furthermore, we have the following result.
Lemma 2.3 (Hou and Li, [6] , CvetkoviÃ c et al., [12] ). (i) Let G be a connected graph, and G be a proper spanning subgraph of G. Then P(G ; ) ¿ P(G; ) for all ¿ 1(G).
(ii) Let G , H be spanning subgraphs of two connected graphs G and H , respectively, and
The following result is often used to calculate the characteristic polynomials of bicyclic graphs.
Lemma 2.4 (CvetkoviÃ c et al., [7] ; Schwenk [15] ). Let e=uv be an edge of G, and C(e) be the set of all cycles containing e. The characteristic polynomial of G satisÿes
where the summation extends over all Z ∈ C(e).
Lemma 2.5 (CvetkoviÃ c et al., [7] ; Schwenk [15] ). Let v be a vertex of G, and C(v) be the set of all cycles containing v. The characteristic polynomial of G satisÿes
where the ÿrst summation extends over all vertices adjacent to v, and the second extends over all Z ∈ C(v).
Lemma 2.6 (CvetkoviÃ c et al., [7] ; Schwenk [15] ). Let v be a vertex of degree 1 in the graph G and u be the vertex adjacent to v. Then
Two edges of a graph G are called to be independent if they are not adjacent in G. A m-matching of G is a set of m mutually independent edges of G. Let M be a matching of G. The vertex v in G is M -saturated if v is incident with an edge in M ; otherwise, v is M -unsaturated. A perfect matching M of G means that each vertex of G is M -saturated. Let G be a connected graph with perfect matchings which consists of a connected subgraph H and a tree T such that T is attached to a vertex r of H . The vertex r is called the root of the tree T , or the root-vertex of G. The distance between the root r and the vertex of T furthest from r is deÿned as the height of the tree T . Throughout the paper, |V (T )| is the number of vertices of an attached tree T not including the root r of T . Lemma 2.7. Let G be a connected graph with perfect matchings which consists of a connected subgraph H and a tree T such that T is attached to a root-vertex r of G. If |V (T )| ¿ 2 and v ∈ V (T ) is a vertex furthest from the root r. Then v is a pendent vertex and adjacent to a vertex u of degree 2.
Proof. The ÿrst statement is obvious. Since uv is a pendent edge, uv must belong to each perfect matching of G. Moreover, the other edges of T incident with u are not in any perfect matching of G. If the degree of u is not 2, there would be a pendent vertex v = v joined to u, and G can't has perfect matchings. This contradiction completes the proof.
Let G be a connected graph, and uv ∈ E(G). The graph Gu;v is obtained from G by subdividing the edge uv, i.e., adding a new vertex w and edges wu, wv in G − uv. Ho man and Smith deÿne an internal path of G as a walk v0v1 : : : vs(s ¿ 1) such that the vertices v0; v1; : : : ; vs are distinct, deg(v0) ¿ 2, deg(vs) ¿ 2, and deg(vi) = 2, whenever 0 ¡ i ¡ s. And s is called the length of the internal path. An internal path is closed if v0 = vs. They prove the following result, Lemma 2.10 (Ho man and Smith [5] ). Let uv be an edge of the connected graph G on n vertices.
(i) If uv does not belong to an internal path of G, and G = Cn, then 1(Gu; v) ¿ 1(G); (ii) If uv belongs to an internal path of G, and G = Wn, then 1(Gu; v) ¡ 1(G), where Wn is shown in Fig. 2 .
Let G be a connected graph with perfect matchings on 2k vertices, and G has an internal path v0v1 : : : vs. Obviously, G = W 2k since W 2k is the graph without perfect matchings, and either v0v1 or v1v2 belongs to the perfect matchings of G. Furthermore, we have the following Lemma 2.11. Let G be a connected graph with perfect matchings on 2k vertices, and G has an internal path v0v1 : : : vs.
(a) When s = 2, we carry out the following transformations on G. First, joining v0 and v2 by an edge in G − v1, the resulting graph is denoted by H ; Then, attaching a pendent edge to v0 in H if v0v1 belongs to the perfect matchings of G, and a pendent edge to v2 if v1v2 belongs to the perfect matchings of G. And the resulting graph is denoted by H . Then the graph H has perfect matchings and 1(G) ¡ 1(H ); (b) When s ¿ 3 and v0 = v3, we carry out the following transformations on G. First, joining v0 and v3 by an edge in G − v1 − v2, the resulting graph is denoted by G ; Then, attaching a path of length 2 to v0 in G . And the resulting graph is denoted by G . Then the graph G has perfect matchings and 1(G) ¡ 1(G ).
Proof. 
with new added vertices v1, v2 in ordering, and G = Wn. Moreover, G is a proper subgraph of G . Hence, 1(G ) ¡ 1(G ). So the result follows immediately.
Lemma 2.12 (CvetkoviÃ c et al., [7] ). Let H be the graph obtained from the graph G with vertex set V (G)={v1; v2; : : : ; v k } in the following way:
(i) To each vertex vi of G a set Vi of p new isolated vertices is added; and (ii) vi is joined by an edge to each of the p vertices of Vi (i = 1; 2; : : : ; k).
Then P(H; ) = kp P(G; − p= ).
Let G be a graph on 2k vertices obtained from a graph G on k vertices by taking p = 1 in above procedures (i) and (ii) of Lemma 2.12, i.e., each vertex of G is attached by a pendent edge. Obviously, G has an unique perfect which consists of all pendent edges. Contracting each edge of the matching in G yields the graph G on k vertices. we call the graph G the contracted graph of the graph G. If G is the contracted graph of a graph G, then G is often denoted by C( G).
Lemma 2.13. Let G be such a graph on 2k vertices that it has contracted graph G on k vertices. Then
Proof. By Lemma 2.12, we have P(G; ) = k P( G; − 1 ). Assume that i ( G) is the ith eigenvalue of G, i = 1; 2; : : : ; k. Then
so the positive eigenvalues of G are So by Lemma 2.13, we ÿnd the fact that 1(G) is a strictly increasing function of 1( G) when G = C( G). Thus, we have the following corollary.
Lemma 2.14. Let G be a connected graph whose contracted graph is H , i.e., G = C(H ). If H is a graph in which there exists either an internal path of length no less than two or a closed internal path of length no less than four, then there exists a connected graph G with a path of length 2 attached such that G = C(H ) for some graph H and
Proof. Let v0v1v2 · · · vs be the internal path of H , and H be the graph obtained from H − v1 by joining two vertices v0, v2 with an edge. Then H = H v 0 ;v 2 with new added vertex v1. By Lemma 2.10, we have 1(H ) = 1(H v 0 ;v 2 ) ¡ 1(H ). Let H be the graph obtained from H by attaching a pendent edge to v0. Since H is a proper subgraph of H , we have 1(H ) ¡ 1(H ). Now let G = C(H ). Then, by Corollary 2.1, we have 1(G) ¡ 1(G ) since 1(H ) ¡ 1(H ). Thus, G is just the graph satisfying requirements.
Main results
A cycle in a graph is said the minimal cycle if no other cycle is contained in it. Each bicyclic graph in B + (2k) has exactly two minimal cycles. Furthermore, B + (2k) consists of two types of graphs: one type, denoted by B Proof. If G is a graph in B + 1 (2k), by Lemmas 2.11 and 2.14, one can always ÿnd a graph G such that 1(G) 6 1(G ) and G has a pendent vertex v with its adjacent vertex u of degree 2, i.e., G has a path of length 2 attached to a root-vertex r, except for the following exceptional graphs: two graphs C(G1), C(G2) and their subgraphs with perfect matchings by deleting some pendent edges of C(G1) and C(G2), respectively, where G1, G2 and the subgraphs with perfect matchings of C(G1), C(G2)(the number under each subgraph is its index) are shown in Fig. 4 .
It su ces to show that P(G ; ) ¿ P(B * 2k ; ) for all ¿ 1(G ) when k ¿ 3. We prove it by induction on k. When k = 3, the result follows immediately by the table of connected graphs on six vertices in [8] . Now we suppose k ¿ 4 and proceed by induction. Let v be a pendent vertex with its adjacent vertex u of degree 2. Then, by Lemma 2.6, we have
(ii) Fig. 4 . G 1 ; G 2 and subgraphs with perfect matchings of C(G 1 ); C(G 2 ).
Since G − v − u is a graph on 2(k − 1) vertices with perfect matchings, i.e.,
, by induction hypothesis, we have
Since G − v − u − r is a graph on 2k − 3 vertices with (k − 2)-matching, K1 ∪ (k − 2)K2 is a spanning subgraph of
and since
. Hence, by Eqs. (i) and (ii), we have
This completes the induction on k. Therefore,
2k ): As for two graphs C(G1), C(G2) and their subgraphs shown in Fig. 4 , by direct calculation, we have Now we turn to the set B + 2 (2k) for its maximal index problem. A Â-graph is a connected graph obtained by joining two vertices with three vertex-disjoint paths. If the lengths of three paths in a Â-graph are m; p; q, respectively, then the Â-graph is denoted by P(m; p; q), where m; p; q ¿ 1 and at most one of them is 1. Obviously, a graph in B + 2 (2k) is a Â-graph with some trees attached, which has perfect matchings. In the case k = 4, the graph C(P(2; 1; 2)) has the maximal index, where P(2; 1; 2) is the graph shown in Fig. 5 .
Proof. Let G be a graph in B + 2 (2k). By Lemmas 2.11 and 2.14, one can always ÿnd a graph G in B + 2 (2k) such that G has a pendent vertex v adjacent to an vertex u of degree 2 and 1(G) 6 1(G ) except for G = C(P(2; 1; 2)). We now distinguish the following two cases. Case 1: The Â-graph in G is not P(2; 1; 2), or there exists a tree of height more than two attached in G . We will show that P(G ; ) ¿ P(B * * 2k ; ) for all ¿ 1(G ) in this case, and prove it by induction on k. When k = 3, the result holds clearly by the table of connected graphs on six vertices in [8] . We now suppose k ¿ 4 and proceed by induction. Let v be a pendent vertex adjacent to an vertex uof degree 2 in B * * 2k , and the other adjacent vertex of u in G is r. By Lemma 2.6, we have
Since G − v − u − r is a graph on 2k − 3 vertices with (k − 2)-matching, and has P4 as its a subgraph, K1 ∪ (k − 4)K2 ∪ P4 is a spanning subgraph of G − v − u − r. Hence, by Lemma 2.3, we have
Thus, by Eqs. (1) and (2), we have
This completes the induction on k. Therefore, by Lemma 2.2, we have 1(G ) ¡ 1(B * * 2k ) in this case. Case 2: The Â-graph in G is P(2; 1; 2), and all trees attached to P(2; 1; 2) have heights no more than 2. When k = 3, we know from the table of connected graphs on six vertices in [8] that B * * 6
is the unique graph with maximal index in B + 2 (6); When k ¿ 4, we notice in this situation that all graphs have at least one path of length 2 attached to P(2; 1; 2) except for C(P(2; 1; 2)). So we can prove using the similar method in Case 1 that P(G ; : ) ¿ P(B * * 2k ; : ) for all ¿ 1(G ), that is, 1(G ) ¡ 1(B * * 2k ), except for C(P(2; 1; 2)) when k = 4, or G is the graph shown in Fig. 6 , which denoted by B 2k .
We ÿrst prove 1(B2k ) ¡ 1(B * * 2k ) by showing P(B 2k ; ) ¿ P(B * * 2k ; ) for all ¿ 1(B2k ). Let e = xy be an edge of B * * 2k
and e = x y be that of B 2k as shown in Figs. 3 and 6. By Lemma 2.4, we have
Obviously,
2k − e ∼ = B 2k − e : Hence,
P(B
Since B * * 2k − x − y is isomorphic to a spanning subgraph of B 2k − x − y , by Lemma 2.3, we have
Similarly,
when ¿ 1. Hence, by Eqs. (3) and (4), we have
Therefore, by Lemma 2.2, we have 1(B2k ) ¡ 1(B * * 2k ). As for the graph C(P(2; 1; 2)), by directly calculation, we get 1(C (P(2; 1; 2))) ≈ 2:9057 ¿ 1(B * * 8 ) ≈ 2:881:
Combining above two cases, we complete the proof. 
By the induction hypothesis, we have
Moreover,
Since B * * This completes our proof by induction.
Remark. As mentioned previously, from the table of the spectra of all connected graphs with n vertices (2 6 n 6 10) in [7] and that of the connected graphs on six vertices (see [8] ), we have know that P(2; 1; 2) and B * * 6 are the graphs with maximal index in B + (4) and B + (6), respectively. Since 1(B * 8 ) ≈ 2:87576 ¡ 1(C (P(2; 1; 2))) ≈ 2:90570, by Theorems 3.2 and 3.3, the graph C(P(2; 1; 2)) has the maximal index in B + (8) . To sum up, the Theorem 3.3 may be restated as the following. Fig. 7 . Two graphs P(t; n + 1 − 2t; t) and B(t; n + 1 − 2t; t). Theorem 3.3 . Among the graphs in B + (2k), B * 2k has maximal index when k ¿ 5; and P(2; 1; 2), B * * 6 and C(P(2; 1; 2)) are the graphs with maximal index when k = 2, 3 and 4, respectively.
Conclusion
As far as minimal index is concerned we ÿrst have the following result proved by SimiÃ c.
Theorem 4.1 (SimiÃ c [17] ). Among the bicyclic graphs on n vertices, n ¿ 7, there are precisely two graphs with minimal index: one is the graph P(t; n + 1 − 2t; t) and the other is the graph B(t; n + 1 − 2t; t), both are shown in Fig. 7 , where t = n=3 .
It is easy to verify that P(t; n + 1 − 2t; t) and B(t; n + 1 − 2t; t) have perfect matchings when n = 2k, k ¿ 2. Especially, when k = 2, the graph P(2; 1; 2) is the unique graph in B + (4); When k = 3, the graph P(2; 3; 2) is the unique graph with minimal index in B + (6) . So by Theorem 4.1, we have the following immediate corollary.
Corollary 4.1. Among the bicyclic graphs on 2k vertices with perfect matchings, there are precisely two graphs with minimal index: one is the graph P(t; 2k + 1 − 2t; t) and the other is the graph B(t; 2k + 1 − 2t; t), where t = 2k=3 .
